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1. INTRODUCTION 
Let S denote the class of all functions f which are regular and univalent in 
the open disk E = {z: 1 z / < l}, and are normalized by the conditions 
f(0) = 0, f’(0) = 1. (1) 
‘ In [2] we have introduced a subclass S(OI, y) C S of y-spiral functions of 
order 01 as follows: 
DEFINITION I. Letf be regular in E and satisfy (1); f E S(CU, y) if and only 
if there exist real numbers 01 and y, 0 < 01 < I, 1 y 1 < r/2, such that 
> 01 cos y, z E E. 
This definition is a generalization of SpaEek’s condition on spirallike func- 
tions in E [9] and gives rise to many interesting results in geometric function 
theory. 
Let P denote the class of normalized analytic functions p with positive 
real parts, i.e., p E P if and only if p is analytic in E, p(0) = 1, and Rep(z) > 0 
for z E E. 
If f E S(CS, y), we can write with appropriate normalizing factors 
set y 
[ 
zf ‘(4 eiy ~ 
f(z) 
- 01 cos y - sin y 1 =1--a. Z=” 
This enables us to express members of S(cu, y) in terms of functions in P. 
Thus, f E S(a, y) if and only if there exists a function p E P such that 
xf ‘(z) (1 - a) cos y p(z) + 01 cos y + i sin y 
.Ga) cosy-j-isiny 
.a E E. (3) 
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Introducing a complex number h = (CX + i tan r)/(l - 01), the condition (3) 
can be written as 
,Tf ‘(4 -= PM + h 
fb> l+h ’ 
x E E. 
By differentiating the representation in (4), we find that 
1 + zf “(4 ZP'c4 
f’(Z) = ~(4 + h 
+ ~(4 + h 
l+h ’ 
z E E. (5) 
The concept of generalized convexity has been introduced by Mocanu [5] 
for a particular class of functions in S. These functions are called k-convex if 
they are regular in E for 0 < k < 1 and satisfy there the condition that 
f(z) f ‘(4/z # 0 and 
Re I(1 - k)e 
.z +k[l +-+$]I 20 (6) 
in E. This definition also holds fork > 0 and, as shown in [6], these functions 
are starlike in E for k 3 0 and convex for k > 1. The class of generalized 
k-convex functions in E is defined as follows: 
DEFINITION 2. Let f be regular in E and satisfy (1); f is a generalized 
k-convex function in E, f E S(k, a, y), if and only if f satisfies (2) and there 
exists a real number k 3 0 such that for some p E P 
(1 - k) “i’;;) zp’(aj - + k (1 + fi$ = P($+hh + k p(z) $ h . (7) 
The defining property (7) follows from (4) and (5). 
In this paper we shall establish some mapping properties of functions of 
the class S(k, a, y), especially those related to their extremum, distortion, 
and rotation theorems which reduce to some known results for particular 
values of the parameters k, a, y. 
Another generalization of the Mocanu condition (6) is to replace it by 
Re eiv 
! [ 
(1 - k)w +k/l ++#/]I >acosy, ZEE, k>;(I) 
The property (8) then defines a class of generalized convex functions which 
leads to the Mocanu-Reade spiral functions in E, which are also Bazilevic 
functions. It may be noted that this latter class differs in general from the 
ciass S(k, ‘Y, ,j considered in this paper. 
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2. MAIN RESULTS 
THEOREM 1. If f(z) E S(h, (Y, y), th en the set of all possible values of 
log(f (z)/z) for a fixed z, j z I < Y < 1, lies in the convex image of 1 x 1 = Y 
under the mapping 
w = log[(l + h)” (1 - ~)-~‘(l+h)]. (9) 
COROLLARY 1. The extremal function fO(z) E S(k, (Y, y) has the representa- 
tion of the form 
fO(x) = (1 + h)” x(1 - z)-~‘(~+~) 
(10) 
x+x n m+l xn . fl=z m=o 1 
THEOREM 2. If f(z) E S(k, a, y), then for / z / = Y < 1 
T(y> 4 ,012 Y, 4 d log < T(r, &, 01, y, K) if y # 0, (11) 
where 
T(r, 8, CA, 7, h) = (1 - a) cos y [2 sin y tan-l 1 yFcis ,-, 
- cos y log(l - 2Y cos I9 + YZ)] - + log[(l - a> cos y], 
(12) 
t 
- B,,, = 2 tan-l 
cot y F dcosec2 y - r2 
1 -I-r I. 
(13) 
For y = 0, 
log f(z) < -5og l 
I I z 2 
- - 2(1 - cd) log(1 - Y). 
I-Cd (14) 
THEOREM 3. If f (z) E S(R, CL, y), then for j z 1 = Y < 1 
S(Y, 03 , a, Y, k) < arg &+ < S(Y, e4 , a, Y, 4, 
z (15) 
where 
S(Y, 0, oi, y, K) = (1 - a) cos y 
[ 
2 cos y tan-l 
r sin 6 
1 - Y cos e 
+ sin y log(l - 2~ cos 0 + Y2)] + ky 
0,,, = 2 tan-l i tanyi Z/sec2y-r2 1+r 1 . (16) 
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THEOREM 4. Let 
-21,-\ 
gz) = (1 - k) a;(;’ I + I TiY& 
Then the images of all circles 1 z ( < r < 1 under the mapping c(z) lie in the 
circle 1 5 - [,, 1 < p, where 
5 
0 
= 1 - r2 + 2(1 - a) r2 cos2 y + i(1 - a) r2 sin 2y 
1 -r2 
( 
8k~( 1 - CJ”) cos4 y r2[ 1 - 2( 1 - 201 + 2ar2) co9 y 
-i(l - 201)sinycosyl 1 - 
(1 - r2) (1 - r2 + 201 cos2 y2) (1 - 401(1 - a) cos2 r)” ’ 
p = 2( 1 - a) r cos y 4kr(l - a)” cos2 y --- 
1 - r2 %F-o1(1--ol)c~ 
I 
1 1 x- --- 
1 - r2 + dl - 401(1 - a) co9 ~(1 - r2 + 201 cos2 y + r2) 
COROLLARY 2. If k = 0, it follows from Theorem 4 that for 1 z 1 < r < 1 
arg 7;;) < tan-l 
(1 - a) r2 sin 2~ 
1 - r2 + 2(1 - 01) r2 cos2 y 
(17) . I 
+ tan-l 
2(1 - IX) r cos y 
IQFTr2)[1 + 4iy( 1 - a) r2 cos2 ~1 ’ 
where equality holds for 
p(z) = E E P. 
THEOREM 5. Let &s) b e e ne as in Theorem 4. Then for [ z 1 < r < 1 d ji d 
I44 G 1 + 2U ; ?:cosy 11 + 1 _ r + 2(lk_ a)rCos2y 1 - (18) 
Equality in Theorems 4 and 5 holds for the extremal function 
<*@) = P*M + h + kzp*'b) 
l+h P*(Z) + h ’ 
p*(z) = s E P. 
THEOREM 6. Let 
F(z) = log /($$)” */ . 
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Re{l - k + .zF’(.z)} 
COROLLARY 3. Denoting the right-hand side of (19) by #(r, y, k), we have 
for /zI <r< 1 
1 - #(r, y, k) < 1 + Re{l - k + zF’(a)} < 1 + $(r, Y, k). 
This result is sharp for 
(20) 
r = Y,, > [k + (1 + k) (1 - CG) cos y - k( 1 - a) cos2 y + {2k2( 1 - CY) cos y 
+ (1 + k)2 (1 - CL)” cos2 y + 2k(l - k) (1 - a)” cos3 y (21) 
+ k2(1 - CY)” cos4 ~}l’~]-l. 
3. PROOFS 
The condition (7) when integrated from 0 to z gives 
log [ ($)‘-” (f ‘(# = & 1; ‘(x)x- ’ dx + k log[p(z) + h], 
which in view of the relation 
P(Z) + k = (1 + k) ‘;;;) 
becomes 
log (1 :‘$ z [ I 
1 =- 
s 
’ $(x) - ’ dx 
l+h, x * (22) 
Using the Herglotz representation of function p(z) E P which satisfies (7) as 
where p(t) is a function of bounded variation with jrD dp(t) = 1, we find 
from (22) that 
l,,fo= * 
z I 
log[(l + h)” (1 - ,zeit)-21(1+h)] dp(t). (24) 
--n 
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Let 
q(x, t) = Iog[(l + h)” (1 - zeit)-2’(1+h)], t E [- 7r, a]. 
Then since 
1 + Re cf(X~ 4 
-imi- 
= Re 
the function q(z, t) maps the disk 1 z j < r < 1 univalently onto a convex 
domain E* which is independent of t. Thus the relation (24) means that the 
points log(f(z)/z), f or a fixed x, / x I < r < 1, lie in the convex hull of E*, and 
hence they lie in the image of j x J < r under the mapping 
log[(l + h)” (1 - ez)-2’(l+h)], 161 =l, 
which yields (9). Th e extremal function is given by 
logfoo = log[(l + h)” (1 - ,zy/(l+y, 
x (25) 
which in view of (24) gives (10). 
The results in Theorems 2 and 3 are obtained by evaluating the extrema 
of the extremal function (25) for x = yeis, 1 z 1 < r < 1. 
The function l(z) defined in Theorem 4 can be written as 
&,) = I@4 + h + @WY4 
l+h 144 + h * 
Since <(x) is subordinate to the function t*(z), we find that 
4k 
‘*(‘)=$;‘; (l-h)2 
--~ l+h fl=-.--- 
l-h’ 
and Theorem 4 follows by superposition of linear mappings. 
Using (23), the function c(z) can be written as 
2xeit 
(1 + h) (1 - zeit) d’(‘) I 
k 
+l+h R 
s 
n 
2xezt d (t) 
- . --n (1 - zeit)” ’ 
s I -77 ’ + (1 + h;;‘t ,it) 
(26) 
Then (18) follows from (26) by using the following result [2]: 
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LEMMA. Let fi(t) and fi(t) be single-valued continuous complex functions of a 
real variable t E [-rr, ~1 and let p(t) be the function as dejined in (23). If 
Re f(t) > 0, then 
1 J:,fi(t) dAt) 
I 
I fXt)l 
J=_ fi(t) dp(t) G t$%, Ref,o * 
Theorem 6 follows from Theorem 5, and then its corollary (20) is obvious. 
By considering the roots of 1 - $(r, y, K) = 0, the bound (21) follows. 
4. PARTICULAR CASES 
We note that the class S(0, 01, y) is the class of spirallike functions of order 01, 
while S(0,01, 0) is the class of starlike functions of order (y. and S(0, 0,O) is 
the class of starlike functions in E. For these classes the following results 
hold [2]: 
COROLLARY 4. If f(z) E S(0, CX, y), the mapping function in Theorem 1 
reduces to 
w = log(1 - x)--26, (27) 
where c = (1 - a)/( 1 + i tan y). If f (z) E S(0, a, 0), this mapping function is 
w = log(1 - ~)-~(l-~). For f(z) E S(0, 0, 0), (27) reduces to the well-known 
mupping w = log(1 - .a)” for sturhke functions ([4], [lo]). 
COROLLARY 5. If f (z) E S(0, 0, 0), then Theorems 2 and 3 give the following 
well-known bound for starlike functions [7]: 
COROLLARY 6. If f (z) E S(0, 0, 0), it follows from (17) and (18) that for 
/.z <r<l 
I zf ‘(z) arg f(z) I 
2(1 - CY) r 
-_ -__ 
G tan-1 2/(1 - r2) [l - r2 + 401(1 - a) r2]’ 
(28) 
I I zf’o <1+ f(Z) 
If f (z) E S(0, 0, 0), we obtain 
starlike functions in E [7]. 
2(1 - LX) r
l-r ’ (29) 
the well-known results from (28) and (29) for 
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Using the method developed in [I] and applied in [3] it is easy to find the 
coefficient bounds for functions f E S(0, 01, y) as the following results shows: 
THEOREM 7. Iff E S(0, 01, y) and 
then 
f (4 = x + 2 %P, z E E, 
n=2 
n = 2, 3,.... (30) 
The bounds in (30) are sharp and equality holds for the extremal function 
(10) with K = 0. The estimate in (30) is the same as found by Libera [3]. 
The p-spiral radius off E S(O,o1, r), 1 j? 1 < r/2, also turns out to be the same 
as in [3]. 
COROLLARY 7. If f(z) E S( 1, a, y) which is the class of convex functions of 
order 01, we find from (19) that [2] 
zf “(4 I I < 2(1 - CX) r cos y 1 + 1 f’(Z)\ 1-r I I 1 --++(I -4rcos2y * (31) 
This result is sharp for 
+ (1 - a)” co@ yJi’2]-1. (32) 
If f (z) E S( 1, 01,0), the estimate (31) becomes 
zf “(4 I I p--ol)r I+ 1 f’(Z> l--r 1 1 + r - 2ar I 
which holds for r,, > [2 - LY. + 4501~ - 1201 + 71-l. If f (x) E S(l, 0, 0), we 
get 1 zf “(z)lf’(z)I < (4~ + 2ra)/(l - r2), which holds for 
1 
r>2+d7 
- = 0.213,..., 
which is a well-known result [7]. 
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